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Abstract 

We consider the problem of finding a best uniform approximation to 
the standard monomial on the unit ball in C 2 by polynomials of lower 
degree with complex coefficients. We reduce the problem to a one- 
dimensional weighted minimization problem on an interval. In a sense, 
the corresponding extremal polynomials are uniform counterparts of 
the classical orthogonal Jacobi polynomials. They can be represented 
by means of special conformal mappings on the so-called comb-like 
domains. In these terms, the value of the minimal deviation and the 
representation for a polynomial of best approximation for the original 
problem are given. Furthermore, we derive asymptotics for the minimal 
deviation. 

1 Introduction 

We consider the standard basis in the set of (non analytic) complex polyno- 
mials in C 2 : 

{^i 1 4 1 4 2 4 2 }fci>o,zi>o,jfc2>o,j 2 >o, (zi,z 2 ) e C 2 . 

As usual ki + l\ + k 2 + l 2 is called the total degree of the given monomial. 

In what follows we use the following notations: Tl n denotes the set of 
polynomials with complex coefficients of total degree less or equal n, and 
||P|| denotes the uniform norm of P 6 Tl n in the complex ball 

||P|| = sup \P( Zl ,Z2)\, B = {(z u z 2 ) GC 2 : \z 1 \ 2 + \z 2 \ 2 < 1}. 
(zi,2 2 )eB 
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Figure 1: Domain f^a, /3) 

Analogously to the classical Chebyshev polynomial, we consider the best 
approximation on the ball B of the monomial z^z^z^z 1 ^ by polynomi- 
als of total degree less than n := k\ + l\ + &2 + h- Such a polynomial 
TkL,h,k2,h(. z i> z %) = Z \ Z \ Z 2 Z 2 + •••) which we call a polynomial of least 
deviation from zero on B, is not unique but the minimal deviation Lkihkah 
is well defined, 

L ki,h,k2,l2 := „ ™ f \\ z i lz ^ z 2 2z 2 ~ P{x\,Z2)\\. 

It is convenient to work with the normalized polynomial Tj^ ^ ^ 2 i 2 : = 

T ki,h,k2,h/\\ T ki,h,k 2 ,h\\- Tnus 

TkuhMih&l,^) = A k 1 ,h,k2,l2 z l lz l4 2z 2 +•••» 
where jh-ki,h,ki,h = 

1/L 

ki,h,k2,h • 

Concerning polynomials of least deviation from zero on the unit ball in 
M?, several approaches are known so far, see [H [T3] and also [TT]. Of 
foremost importance to us was the representation of the extremal polyno- 
mial given by Brafi in [3]. Here we essentially simplify and generalize his 
construction. 

In approximation theory, a special role of the conformal mappings on so- 
called comb-like domains is well known, see e.g. the book PQ, the survey |14j 
and the references on original papers therein, in particular [2j [9] . For recent 
developments in this direction, see (6j[T2]. By analogy with the MacLane- 
Vinberg special representation for polynomials and entire functions |1Q|. I15j. 
in this paper to nonnegative real numbers a, (3 and an integer n > we 
associate a horizontal strip with n + 1 horizontal cuts, see Fig. [T] 

n 

Q n (a, /3) = {w = u + iv : —f3 < — < a + n} \ I I {w = u+iv : — = j, u < 0}. 

j=0 
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Note that the boundary of the domain contains n + 3 infinite points: 

v v 
ooo = — oo + iv, n < — < n + a, oo,- = — oo + iv,n — j < — < n — j + 1, 

7T 7T 

_ l) V 

oo n+ i = — oo + iv, —p < — < 0, oo n+ 2 = +oo + iv, —p < — < a + n. 

7T 7T 

Let w : C+ — > £l n (ct, /?) be the conformal mapping of the upper half-plane 
onto Vt n (a,f3) with the following normalization 

to(0) = oo , w(l) = oo n+ i, w(oo) = oo n+2 . 

It is easy to see that it has the following asymptotics at infinity (z — > oo) 

w(z) = w n (z;a,P) = (a + /3 + n) In z + C n (a, (3) - fi-ni + 0(1/ ' z) (1.1) 

The real constant C n (a,/3) is uniquely defined by the domain (a kind of 
capacity) . 

Due to the evident symmetry 

we can assume that k\>l\ and It2 > h- Our first result is 
Theorem 1.1. In the above introduced notations 



hiA fcliiljfe2i i 2 - C h+h 



ki — h ki — h 
2 ' 2~ 



Below we give the representation for a polynomial i x ^ 2 j 2 [z\, z<i) of 
least deviation from zero. For this, we establish a connection between the 
conformal mapping w n (z;a, (3) and a weighted 1-D extremal problem on 
[0,1]. In a sense, in the following proposition we define uniform Jacobi 
polynomials, compare to the classical orthogonal ones [3]. 

Proposition 1.2. Let = w~ 1 (ooj; a, /3), 1 < j < n. Then 

where J n (t; a, /3) := (t — £i)...(t — £ n ) = t n + . . . is the polynomial of least 
deviation from zero on [0, 1] with respect to the weight t a (l — t)* . Moreover 



n J n {t;a,P)\\ = sup t a (l-tf\J n (t;a,(3)\ = e ~ c ^\ (1.3) 

0<t<l 

that is, 



e w ^ a <V =t a (l-tfj n (t;a,P), 
as before J n (t; a, /3) := J n (t; a, f3)/\\J n (t; a, 
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We point out that < for all 1 < I < n — 1. 

Theorem 1.3. Let a = ^± > and = > . Let us factorize 

Jl 1+ l 2 {t;a, ft) = Ji^\t)J^\t) in polynomials of degrees l\ and I2 respec- 
tively in the following way 

j£\t) = (t-t 1 )...(t-Z h ) 

Then 

T kuhM , l2 ( Zl ,z 2 ) = e^^(^)^- il 4 2 -^/ i 1) (|z 1 | 2 )(-l)^( 2) (l - |, 2 | 2 ) 

(1.5) 

Finally we present the following asymptotic relation for the value of the 
minimal deviation. 

Theorem 1.4. Assume that the following limits exist 

xi = lim — ,Ai = lim — , x 2 = lim — , A 2 = lim — , 

n—>oo n n— too n n— >oo n n— >oo n 

where n = k\ + li + k 2 + h- Then 

\m^Ll ihMh = (A 1 + A 2 ) Al+A2 (x 1 + x 2 )^+^(Ai + x 2 ) Al +^(x 1 + A 2 )^ +A2 . 

2 Reduction to 1-D problem 

First, we reduce our complex two-dimensional approximation problem to 
a weighted approximation problem in two real variables on the standard 
triangle A := {(h,t 2 ) G K 2 : h > 0, t 2 > 0, h+t 2 < 1}. 

For a continuous function / on A, we define ||/||a := max \f(ti,t 2 )\. 

(ti,t 2 )eA 

By YJ 1 i 2 (ti, t 2 ; a, /3) = M/ lj ^ 2 (a, (3)t l ^t 2 2 + ... we denote a normalized polyno- 
mial of least deviation from zero on A with respect to the weight function 

fOlfP 

l \ l 2 ■ 

Proposition 2.1. Let a = an d P = h2 ^ i - Then 

4 1 - h ^- l2 Y hM {\z 1 \ 2 ,\z 2 \ 2 ;a,P) 
is a normalized polynomial of least deviation from zero on B, that is, 
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Proof. Let us remark that due to the symmetries of B, if Tk lt i lt k 2 ,l 2 (zii %%) is 
a polynomial of least deviation from zero, then for any Q\,Q 2 £ [0,2-7r], the 
polynomials 

r fel A,fc 2 ^(^ 1 ^i ) ^^2)e- t(fcl - il)ei e- J ( fc2 - /2 ) e2 

and 

^ 1 ,/i,fc 2 ^(e iei ^i,e ie2 z 2 )e- i(fcl -' l)ei e- i ( fc2 -' 2 ) e2 ^ 1 ^ 2 (2.1) 



(2n 



Jo 



are also polynomials of least deviation from zero. 



It is easy to see that the polynomial in (2.1) is of the form 

AiWi,iW 2 *i fel ~S fc2 ~' 2 N 2?1 N 2/2 + £ a jld2 \ Zl \^\z 2 \ 2 » 

— ■ A 'l ~k2—h 6 /i^ |2 I |2\ 

where a,j Xt j 2 £ C. Note that 

f kl , hMh (z u z 2 ) :=z^- h z^- h Q lul2 (\ Zl \ 2 ,\z 2 \ 2 ), 

where Q hjh (\zi\ 2 , \z 2 \ 2 ) := A^/^^ReP^ (|zi| 2 , |z 2 | 2 ), is still a normal- 
ized polynomial of least deviation from zero on B. 

Since (z\,z 2 ) G B is equivalent to (ti,t 2 ) £ A, where t\ := \z\\ 2 , t 2 := 
\z 2 \ 2 , we have that 

\\T II _ \\Aki-h)/2(k 2 -l 2 )/2 n 1 1 

which gives the assertion. □ 

Now we give a sufficient condition for a polynomial to be a weighted 
polynomial of least deviation from zero on A. In the next section we show 
the existence of a polynomial satisfying this condition. 

As before J n {t;a,f3) denotes the normalized polynomial of least devia- 
tion from zero on [0, 1] with respect to the weight function t a (l — t)P . 

Proposition 2.2. Let a, (3 > and let c n = c n (a,f3) > be the leading 
coefficient of J n {t;a, j3), J n (t;a,j3) = c n t n + ... If there exists a polynomial 

Ph,l 2 (h,t 2 ) = c h+h (a, P)t[H% + ... with ||i?tfP W2 || A < 1 (2.2) 



5 



such that Pi lt i 2 (t,l — t) = (—l) l2 Ji 1+ i 2 (t;a,f3) for all t G [0,1], then 

M ll>h {a,j3) = c h+h (a,8). (2.3) 

That is, the given Pi lt i 2 is a normalized polynomial of least deviation from 
zero on A with respect to the weight tft^. 



Proof. Actually, we have to prove (2.3) 



By the fact that V/ li ; 2 is a polynomial of least deviation from zero, from 



(2.2) we have immediately that M[ lt i 2 > ci 1+ i 2 . 

On the other hand, let us restrict Yi r j 2 to the line t\ = t, ti = 1 — t : 



Q(t) := (-l) t2 Y lul2 (t, l-t)= M lul2 t^ +t2 + ... 

Since \Q(t)t a (l — tf \ < 1 for all t G [0, 1], the extremal property of Ji x +i 2 
implies M; 1; ; 2 < Q 1+ ; 2 . Thus the statement is proved. □ 



3 Proofs of Proposition 1.2, Theorems 1.1 and 1.3 



Proof of Proposition 1.2 Let % = w^ 1 ((n—k)7ri; a, (3), <k< n. From the 
Schwarz-Christoffel formula, see e.g. [5], we obtain the following expression 
for the differential of the conformal mapping w n (z; a, /3) : 



n o - vk) 



dw n (z; a, (3) = C- 



k=0 



4* -i)n (*-&o 

3=1 



-dz, 



(3.1) 



where C G C is a constant. Having in mind the asymptotic behavior at 
the infinite boundary points of the domain f2 n (a,/3) we get the following 



expansion into partial fraction for (3.1): 

dw n (z;a,f3) -- 

Hence 



3l]): 

n 8 1 \ 

- + - J —- T + / T 

Z Z ~ 1 Pi Z ~ ij j 



dz. 



w 



n (z;a,P) = alnz + 3 ln(z - 1) + ^ ln(z -$j) + Ci, 



(3.2) 



where C\ G C is a constant. Relation (1.2) follows now immediately from 
(p|. 
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Figure 2: Graph of t a (l - tfj 2 {t; a, 0), a = 1/2,(3 = 2. 



From the boundary correspondence for the given conformal mapping we 
get that the function t a (l — ty J n (t; a, (3) alternates n + 1 times between 
±1 on [0,1], see Fig. [2j Thus the Chebyshev alternation theorem implies 
that J n {t\a,(3) is indeed the polynomial of least deviation from zero with 
respect to the given weight with leading coefficient c n (a, (3) = e c n( a >P). □ 

Proof of Theorems |1.1| and 1.3 By Proposition |2.1[ the assertion of Theo- 
rem 11.31 follows if we are able to show that 

fl lA (t 1 ,t a ;a,/3):= e °ii-H a ^^(t 1 )(-l)«»^(l-t a ) 
= e°h+h(^) t [H l i + . . . 

is a normalized polynomial of least deviation from z ero on A with respect 



2.2 



to the weight tft^, for which we will use Proposition 

By restricting the polynomial Pi lt i 2 to the line t\ := t, ti := 1 — t, we 
obtain that for all t S [0, 1] : 

P hM (t,l-t;a,(3) = (-l) h J ll+h (t;a,[3). (3.4) 

Thus it remains to show that Hiiif-Pzi^llA < 1- 
Let 

F(t 1 ,t 2 ; a, 13) := t^4P h>h (h, t 2 ; a, 13). 
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Clearly F(ti, t 2 ; a, j3) is a product of two univariate functions, see (3.3). We 
normalize the first factor fx(t\) by the condition /i(%) = 1. Due to the 
definition of % we have F(%, 1 - %; a, /3) = (-l) l 2 e w ^v h ^) _ L xhus 

F(t 1: t 2 ;a,/3) = fi(h)f 2 (t 2 ), / 2 (l-%) = 1(= /i(%)). 



In addition, since ^ < % we can easily check, see (1.4) and ( |3.4[ ), that 
/l(t) is strictly increasing for t G [77^ , 1] , in particular fi(t) > /i(%) = 1 
here. Since 1 — Ch+i < 1 — % 5 h(t) is strictly increasing and f 2 (t) > 1 for 
t € [1-%,1]. 

We note that by ^4j) and ( flT3| ): 

|F(t,l-t;a,/3)| =r(l-t) /3 |J /l+i2 (t;a,/3)| < 1, (3.5) 

for all i G [0, 1]. In order to show the main claim 

\F{ti,t*,a,P)\<l (3.6) 

for all (t 1 , 1 2 ) G A) we distinguish three regions in A. 

If t G [0,%] then Q yields |/i(t)| < 1/|/ 2 (1 - t)l < x > where the last 
inequality follows by the above listed properties of / 2 . Similarly we obtain 
|/ 2 (*)| < 1, if *€ [0,1-%]. Thus 

\F(tx,t 2 ;a,P)\ = |/i(ti)/ 2 (t 2 )| < 1 for^ G [0,%],t 2 G [0,1-%]. 

If % < ii < 1 — i 2 < 1 : then since /1 is increasing on [%, 1], it follows 
that |/i(ti)/ a (* a )| < |/i(l - t 2 )f 2 (t 2 )\ = \F(l-t 2 ,t 2 ;a,P)\, hence @ 
follows by (3.5 ). 

If 1 — % < t 2 < 1 — ti < 1, then since / 2 is increasing on [1 — %, 1], 
it follows that |/i(ii)/ 2 (i 2 )| < |/i(ii)/ 2 (l-ii)| = \F{h, 1 - h; a, hence 
(3.6) follows again by ( |3.5[ ). 

By combining the three cases it follows that relation (3.6) holds for all 
(*i,*2) G A. 



In conclusion, relations (3.4) and (3.6) being proved, by Proposition 2.2 



it follows that Pi u k (ti,t 2 ; a, f3) is a normalized polynomial of least deviation 
from zero on A with respect to the weight tft^, and hence, the polynomial 
given by (1.5) is a polynomial of least deviation from zero on B, which also 
proves Theorem 1.1 □ 



S 



7i a 
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Figure 3: Domain J2*(a, /3) 

4 Leading term in asymptotics 

We need certain properties of the conformal mapping w* of the upper half- 
plane onto the domain 

^* = {w = u + iv : — /3ir < v < (1 — (3)tt} \{w = u + iv : u < 0,0 < v < an}, 
see Fig. [3| Due to the Schwarz-Christoffel formula 0, it is of the form 

Jx 2 Z{Z - 1) 

where x%,X2, < x\ < X2 < 1, are the preimages of the angle-points irai and 
respectively. As before three "infinite points" in the domain correspond to 
0, 1 and oo and due to the size of corresponding strips we have the following 
relations 

a = y/xix 2 , P = ^iX 1 ~ x 2)- (4.1) 

This is an elementary integral, so we get 

(^x 2 (l -'f)-^x 1 (l-f)) 2 

w*(z;a, p) = y/xix^ya.— 



X 2 - X\ 



+ x /(l-x 1 )(l-x 2 )ln^ V 



X\ - x 2 

ln (V? -Xl+y/z- X 2 ) 2 
X 2 - X\ 

(4.2) 



9 



Similarly to ( |1.1[ ) we define the real constant C*(a,/3) by the condition 

w*(z; a, f3) = In z + C*(a, /3) — /?7u + 0(l/z), z — >• oo. 



By ( [42] ) we get 

1 1X2 ~ y/x~l) 2 



C*(a,/3) =\Jx\x 2 In ■ 



x 2 - X\ 

2 



£ 2 - X\ 
4 

+ ln , 

x 2 - X\ 

which we simplify to 

, 4 

C(a,/3) = (1 - y/x\X2 - VC 1 - ^iX 1 - X2))\n 



x 2 - X\ 



2 2 
+2^1^111-— — +2 v / (l-xi)(l-X2)ln 



X2 + y/xi \/l _ x 2 + \/l _ ^1 



Using (4.1 ) we get 



C*(a,p) = In 



(l-(a + OT(l-(a-OT 

+a ln (l + a)*-/J* +/31n (l + ^_ a 2- 

Proof of Theorem 1.4 , As the sequence of domains §^\+z 2 ( 2~j fc2 ^ 2 ) con- 
verges to f2* as n — )• oo, it follows by Caratheodory's theorem, see e.g. [7], 
that for the sequence of conformal mappings it holds that 

w*(z; k\ - Ai, x 2 - A 2 ) = lrni -w h+h {z] — - — , — - — ) 

n— >oo n Z Z 



Therefore 



hm - InAk i k h = hm -C; 1+ ; 2 

n— >oo n n— >oo n 



2 ' 2 
=C* (xi - Ai, x 2 - A 2 ) . 

Since in this case 

1 - a - =2(Ai + A 2 ) 
1 + a + 13 =2(xi + x 2 ) 
1 - a + /3 =2(Ai + x 2 ) 
1 + a - =2(xi + A 2 ) 
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by (4.3) we get 



C*(xi - Ai, x 2 - A2) = - (xi + x 2 ) ln(xi + x 2 ) 

-(Ai + A 2 )ln(Ai + A 2 ) 

- (xi + A 2 ) ln(xi + A 2 ) 

- (Ai + x 2 ) ln(Ai + x 2 ) 

□ 

References 

[1] N. I. Akhiezer, JleKirnH no Teopnn annpoKCHMairnn. (Russian) [Lectures 
in the theory of approximation] Second, revised and enlarged edition 
Izdat. "Nauka", Moscow 1965. 407 pp. 

[2] N. I. Akhiezer and B. Ya. Levin, Generalization of S. N. Bernstein's in- 
equality for derivatives of entire functions. (Russian) 1960 Issledovanija 
po sovremennym problemam teorii funkcii kompleksnogo peremennogo 
pp. 111-165 Gosudarstv. Izdat. Fiz.-Mat. Lit., Moscow. 

[3] G. Andrews, R. Askey, R. Roy, Special functions. Encyclopedia of Math- 
ematics and its Applications, 71. Cambridge University Press, Cam- 
bridge, 1999. 664 pp. 

[4] H. Brafi, Ein Beispiel zur Theorie der besten Approximation. Multi- 
variate Approximation Theory, II (Oberwolfach, 1982), Internat. Ser. 
Numer. Math. 61, Birkhauser, Basel-Boston, Mass. 1982, 59-67. 

[5] T. A. Driscoll and L. N. Trefethen, Schwarz-Christoffel mapping. Cam- 
bridge Monographs on Applied and Computational Mathematics, 8. 
Cambridge University Press, Cambridge, 2002. 132 pp. 

[6] A. Eremenko and P. Yuditskii, Uniform approximation of sgnx by 
polynomials and entire functions. J. Anal. Math. 101 (2007), 313-324. 

[7] G. M. Galuzin, Geometric Theory of Functions of a Complex Variable, 
Amer. Math. Soc. Providence. (1969), Vol. 26. 

[8] W. B. Gearhart, Some Chebyshev approximations by polynomials in two 
variables. J. Approx. Theory 8 (1973), 195-209. 



11 



[9] B. Ya. Levin, Classification of closed sets on R and representation of a 
majorant. III. (Russian) Teor. Funktsii Funktsional. Anal, i Prilozhen. 
No. 52 (1989), 21-33; translation in J. Soviet Math. 52 (1990), no. 5, 
3364-3372. 

[10] G. MacLane, Concerning the uniformization of certain Riemann sur- 
faces allied to the inverse- cosine and inverse- gamma surfaces, Trans. 
Amer. Math. Soc. 62 (1947), 99-113. 

[11] I. Moale and F. Peherstorfer, Explicit min-max polynomials on the disc. 
Submitted. 

[12] F. Nazarov, F. Peherstorfer, A. Volberg, P. Yuditskii, Asymptotics of 
the best polynomial approximation of \x\ p and of the best Laurent poly- 
nomial approximation of sgn(x) on two symmetric intervals. Constr. 
Approx. 29 (2009), no. 1, 23-39. 

[13] M. Reimer, On multivariate polynomials of least deviation from zero on 
the unit ball. Math. Z. 153 (1977), 51-58. 

[14] M. Sodin and P. Yuditskii, Functions that deviate least from zero on 
closed subsets of the real axis. (Russian) Algebra i Analiz 4 (1992), no. 
2, 1-61; translation in St. Petersburg Math. J. 4 (1993), no. 2, 201-249. 

[15] E. B. Vinberg, Real entire functions with prescribed critical values, in 
Problems of Group Theory and Homological Algebra, Yaroslavl. Gos. 
U., Yaroslavl, 1989, pp. 127-138. 



Institute for Analysis, Johannes Kepler University, 
A-4040 Linz, Austria 
E-mail: Ionela.Moale@jku.at 
E-mail: Petro.Yudytskiy@jku.at 



12 



